Introduction
The present paper contains results concerning the existence of a scalar product on the differentiation module of some associative algebra over an associative commutative ring with unity.
The first part of[ this work is devoted to the investigation of algebraic counterparts for the notions c£ contraction and localization of functions from a differential structure. We also investigate the problem of inducing vector fields on a differential subspace of a given differential space and give a description of orientation of a ring .together with an order relation induced by this orientation.
In the second part of this work we consider a smooth decomposition of unity in the ring arid a scalar product defined on the differentiation module Diff 0 of some associative algebra C over an associative and commutative ring with unity. Sufficient conditions' are formulated in order that there exist a scalar product and a symmetric covariant derivative on the module Diff C.
The obtained results and constructions are interpreted in a differential space as well as in a differentiable manifold.
I. AN ALGEBRAIC THEORY OF INDUCED VECTOR FIELDS AND INDUCED
ORDERINGS OF THE RING 1. The operation of contraction Let R "be an associative and commutative ring with unity, and let C "be an|y associative R-algebra. Assume that the ring R, treated as an R-algebra, is a subalgebra of the algebra C. Let A be any set'of homomorphisms p: C -» R such that p(r) = r for r€R. For any a€ C we defin» the function A°(a) on the set A by the formula be a subalgebra of the R-algebra F(A,R). We shall consider the homomorphism
O)
At C -0A
such that A(a) = A(a) for all a £ 0.
2. The oase of a real associative algebra Let E ."be the field of real numbers, and let C be a differential structure over a set Ivi. C is clearly an associative R-algebra. If we identify real numbers reR with constant functions on M: r(x) = r for all xeM, then R is a subalgebra of the algebra C. With evàry point z£M we associate the homomorphism h(x).: C -• R defined by the for-
for all a e C.
Then h(x)(r) = r(x) = r for re R. is not a Hausdorff space. Hence there are points x^,x2 £ M, x^j = x2 such that for every function a £ C we have a (x^) = This implies h(x/|)(ct) = h(x2)(oc), which means that the mapping h is not one-to-one. In the sequel we shall assume that (M,T ) is a paracompact space, which guarantees that h is one-tc-one.
Let xeU£Tc. Then h[u] = AcE. Por any a e C we obtain from (1), the following equality A'(x) (1(a)) = A(x(a)).
This implies
Now it follows from (11) that
In a similar way we verify that This implies that Y e Diff C ,, , and. finally we have Hence we can put
In particular, if a € C, then a |h~
As f we can take the function a and V = h -1 [A]. ^Hence we
-431 - 
i 
(20)
The ring R together with an orientation will toe called an oriented ring.
The choice of orientation e allows us to introduce a "less than" relation. < "between elements of R, induced toy the orientation £. Namely, we define 0<r iff £ (r) = 1, and next The function sgn x is clearly an endomorphism of the semigroup (R,0 and £ [R] = {-1»0,lj. Besides that we have (a) if sgn x' =0, then x' =0 and sgn(x+x') = sgn x; and similarly, if sgn x = sgn x' =1, then • sgn (x+x') =1.
(TO sgn(0) = 0; sgn (-1) =-1*1. Hence the function sgn is an orientation of the ring R and it induces in R a "less-than" relation identical with the usual "less-tjban" relation "between integers (real number) .
With a given ring R and a set A one can associate the A algebra R of all functions defined on A with values in R "by defining in the| usual way (pointwise) the operations of addition, multiplication and multiplication by the elements of the ring R.
If (R,£) is an oriented ring, then we can introduce in R the "less-than" relation. This relation next allows us to A introduce in R and analogous relation, called the "less-A -than" relation in R induced "by We shall denote this relation "by the same symbol < without misunderstanding. We define it as follows (21) f<gj(jf <g) Iff for every xeEwe have f (x) < g(x) (f (x) < g(x)) .
If we denote "by 0 the function (i.e. the function defined on A aiid taking everywhere the value 0 of the ring R), then we can derive from Theorem 4-the following corollary.
Corollary. The "less-than" relation < induced "by A £ in R , is antireflexive, antisymmetric and transitive,as well as it satisfies the conditions ' (i') if 0<f 1 and 0<f 2 , then 0<f /) .f 2 ;
(ii') if and 0<f 2 , then 0<f 1 +f 2 } -,A
(iii') if f 1 <f 2 , then f 1 +f<f 2 +f for any feE A ;
if f^<f 2 and 0<reR, then r«f / j<r«f 2 ;
(vi') if 0<f i for i€ (l,...,k] and CXf^x)
for some 0 e {l,". .,k}, then 0<f 1 + ...+f k .
Proof. If 0<f 1 and 0<f 2 , then for any x€A we have 0<f(x) and 0<f 2 (x), hence from condition (ii) of Theorem 4 it follows that 0 <f^ (x)«f 2 (x) \ i.econdition (i') holds. Similarly one can prove conditions (ii')» (iii') and (iv'). If for any x€A we have f^x) < f 2 (x) and OCreR, then r.f^ (x) <r«f 2 (x) "by condition (iv) of Theorem 4>Hence condition (v 1 ) holds. Condition (vi') follows directly from condition (ii) of Theorem 4 and from condition (ii' ). Hence we have obtained an element (Aa)(r?) belonging to F(E,R).
II. ALGEBRAIC CONDITIONS FOR THE EXISTENCE OP
We say that an element a in the R-algebra C is subject to the set A, if for any function rj £ C^ there exists exactly one element /3 e C such that fi = (Aa)(rj) where (4) /3(p) = p(|J) for p £ E.
M.PusteInik
If a function ip s E -R has the property that there exists exactly one element ß e C such that jS = ip, then this element will "be denoted "by [if] .
Let C(E) denote the set of all functions <pe F(E,R) satisfying the condition: there exists exactly one element ß e c such that ß -tp.
Theorem-1.1. If the set C(E) is closed under the operations of addition, multiplication, and multiplication by scalars in the R-algebra F(E,R), then the set C(E) of all elements of the form [(p] , where <p e C(E) is closed in the R-algebra C, Hence C(E) is a subalgebra of the R-algebra G and the map
is an isomorphism. Incidentally we can notice that the definition of the set C(E) implies that C(E) is closed in the algebra F(E,R) with respect to the operation of addition, multiplication, and multiplication of functions by scalars. Now we shall formulate the basic theorem of this section. If there is a family <91 c (C) (where C =0(E), EC Horn (C,R), (R,£) is an oriented ring) such that there exists a smooth decomposition of unity subject to the family 01, and if for every A £ a there exists a positive definite scalar product on Diff C A , then there exists a positive definite scalar product on Diff C.
Proof. The first part of the theorem is obvious. Assume that the set 0(E).' is closed in the R-algebra F(E,R) and let a, ß e C(E) , r e R.' Then a>[ip]iß = [v]wheie <py e 0(E). We thus have OL -
If, moreover, the R-alge"bra C has the property that every positive definite scalar product on Diff C is a scalar product, and if the ring R is diadic, then there exists a covariant derivative on Diff C. (The ring R is said to "be diadic if for every r.£ R there is exactly one element pfcR such' that r =p+p).
Proof. The first part of the theorem is a direct consequence of Theorem 3«2. The second part follows from the first "by Theorem 9.4 of paper [l] .
